Day 1 Session 4 90 minutes

The reasoning and problem
solving strand

Objectives

By the end of this session teachers will:

understand the nature of the reasoning and problem solving strand of the
mathematics standards and how it relates to the other three strands;

have begun to consider the implications of the reasoning and problem
solving strand for teaching and learning.

Resources

For the trainer

Computer with data projector, Microsoft PowerPoint and Presentation 4.ppt
Whiteboard or flipchart
Spare copies of the evaluation form for Day 1

Curriculum Standards for mathematics: Grades K to 12

For each teacher

Teacher’s pack
Handouts 4.1, 4.2, 4.4 and 4.5
evaluation form for Day 1

A copy of Handout 4.3 (to be given out at the relevant point of the session)
A basic calculator

Curriculum Standards for mathematics: Grades K to 12

Session outline

Introduction Whole group presentation 10 minutes
Slides 4.1-4.2

Some practical activities Practical tasks for small groups 50 minutes
Slide 4.3 Task 1: Sixes are banned

Handouts 4.1-4.4 Task 2: Some practical activities

Types of problem Whole group presentation and 15 minutes
Slides 4.4—4.10 discussion

Action planning Task 3: Action points 15 minutes
Handout 4.5 Completion of evaluation form

Evaluation form for Day 1
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Introduction

Explain that this session focuses on the reasoning and problem solving strand of
the standards. Use slide 4.1 to introduce the objectives for this session.

Objectives

By the end of this session you will:

®m understand the nature of the reasoning and problem
solving strand of the mathematics standards and
how it relates to the other three strands

® have begun to consider the implications of the
reasoning and problem solving strand for teaching
and learning

4.1

Explain these points.

* Number and algebra, geometry and measures and data handling cover the
understanding, knowledge and procedural skills and techniques associated
with the content of the mathematics curriculum.

* The reasoning and problem solving strand is different from the other three
strands because it is ‘content free’. It involves the higher order, generic skills
needed to solve mathematical problems.

* The reasoning and problem solving standards apply to each of the content
strands. They are taught by integrating them with aspects of the other three
strands and are assessed alongside the content strands.

* Because it is integrated it is difficult to identify teaching time for the
reasoning and problem solving strand. The proportion of each content strand
devoted to reasoning and problem solving should increase steadily from
grade to grade. By Grades 10 to 12, problem solving and reasoning should
be fostered in all lessons as an essential part of learning mathematics and
developing understanding of its applications.

Ask everyone to check the first couple of pages of the standards for one of the
grades that they teach, where the approximate proportion of time to be devoted
to reasoning and problem solving is stated.

Refer everyone to the first part of the scope and sequence charts for the relevant
grades in their school. Ask them to note how the reasoning and problem solving
strand is cumulative: the skills acquired in earlier grades continue to be applied
and extended in higher grades. Show slide 4.2, to summarise the three aspects
of the reasoning and problem solving strand.

The strand includes:

B problem solving
B communication

H reasoning

4.2
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10 minutes

Before the session starts,
brief any interpreter about
the key points of the
session.

Check that each teacher
has a copy of the Sample
lesson plans.

Load Presentation 4.ppt.
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Say that:

e problem solving encompasses a wide range of situations, some purely
mathematical and some based on real-world situations;

* communicating is about students interpreting, formulating, discussing and
recording mathematics and presenting findings;

* reasoning is not only about reasoning but includes making and testing
hypotheses, spotting patterns, generalising, explaining, justifying and
proving.

Stress that the three aspects are intertwined. It would be difficult to solve a
problem without reasoning and without any element of communication, even if
there were no recording of the solution or presentation of findings.

Say that it will be important to consider to what extent opportunities for
problem solving, communication and reasoning are built into the school’s
scheme of work and incorporated into the teaching of mathematics.

Some practical activities 50 minutes

Say that in this session participants will look at some practical tasks and
consider some of the reasoning and problem solving skills involved.

Task 1: Sixes are banned

Tell participants that they will need their calculators. Ask them to work in pairs
and to use Handout 4.1, Sixes are banned. Explain that they are to imagine that
the 6 key on their calculator is broken; 6 can be made to appear in the display
but not by pressing the 6 key. Each pair must work out the answers to the
calculations by using their calculators. They must agree on the necessary
calculator key sequence before they carry out the calculation.

Allow up to 6 to 7 minutes for the pairs to complete the activity. Early finishers
can be asked to reflect on and discuss their strategies and thinking.

Background notes for trainers

There are many different ways of finding the answers but, for example:
» 32+ 16 can be tackled as 32 + 17 — 1;

* 126 — 58 can be tackled as 127 — 1 — 58;

* 48 x 6 can be tackled as 48 x 3 x 2, or as 24 x 12;

* 146 + 7 can be tackled as (153 - 7) +7 = (153 =+ 7) — 1;

* 62 x 16 can be tackled as 31 x 32, or as 124 x 8;

e 263 - 76 can be tackled as 273 - 10-75-1;

» 263 + 62 can be tackled as 131.5 + 31;

» 36 x 0.6 can be tackled as 4 x 9 x 3 + 5.

Now refer the pairs to Handout 4.2, a table showing the three aspects of the

strand: problem solving, communicating and reasoning. Ask pairs to write in
appropriate columns verbs describing what they did in the ‘Sixes are banned’
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activity. For example, under ‘Communicating’, they may have been discussing;
under ‘Reasoning’, they may have been predicting.

After about 5 minutes, give out Handout 4.3. Explain that these are words that
other teachers have used (and are not necessarily the right answers). Ask pairs
to compare them with their own version, and to add further verbs to Handout
4.3 if they can. Allow a further couple of minutes.

Bring the whole group together. Point out that the ‘Sixes are banned’ activity
drew upon each of problem solving, communicating and reasoning, although
not necessarily equally. Discuss the points on slide 4.3 with the whole group.

. N . r Y
Discussion points

B To what extent did the ‘Sixes are banned’ activity fulfil
the expectations of the standards?

B What mathematical knowledge and skills had to be
applied to solve the problems?

B Where would problems like ‘Sixes are banned’ fit into
the mathematics curriculum?

43

Make sure that teachers appreciate that, suitably adapted to the types of
numbers and calculations students are working on, a problem like this could be
integrated into lessons for Grades 5 to 8 involving calculation methods.

Task 2: Some practical activities

Refer everyone to Handout 4.4, Some practical activities. Select activities
suited to the teachers in the group and ask them to try them.

Activity 1

Triominoes are shapes made from three identical squares touching edge to
edge. There are just two triominoes, discounting reflections and rotations.

Tetrominoes are shapes made from four identical squares touching edge to
edge. How many tetrominoes are there?

Allow a couple of minutes for participants to sketch the possible tetrominoes,
then ask someone to describe how they approached the question and how they
found their solutions. Ask them how they could prove they had all possible
solutions. Ask if anyone else had a different way of approaching this question
and a different way of proving they had all possible solutions.

Background notes for trainers

One way of showing that all possible solutions have been found is to place the
fourth square in every possible position on the two triominoes and reject
duplicates. Only five distinct possibilities can be found. This approach illustrates
proof by exhaustion.
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Substitute similar activities
appropriate for the age of
students in the teachers’
schools, if relevant.

© Education Institute 2005



Activity 2
Discuss the truth of the statement ‘Multiplication makes a number bigger’.

Allow a couple of minutes for participants to work on this in pairs. Take
feedback from at least two pairs, asking them to explain how they approached
the task. Ask if, as well as proving or disproving the statement, anyone is able
to say for which numbers the statement is true.

Background notes for trainers

The fact that 4 x ', = 2 proves that the statement is false. This illustrates the
important idea that just one counter-example can disprove a statement.
Participants may offer a generalisation:

axb>awhena>0andb>1,orwhena<0andb<1

Activity 3

The perimeter of a triangle is 48 cm. The length of the shortest side is x cm and
of another side is 2x cm. Prove that 8§ <x < 12.

Give pairs 5 minutes to tackle this activity. Circulate while they are working
and identify pairs that are tackling the question in different ways.

Invite one or two pairs to explain the way they approached the question.

Background notes for trainers

Some may use a visual approach while others may use a more formal algebraic
proof, using the property that the longest side of a triangle is greater than the
sum of the two shorter sides.

Activity 4: Perimeter dots

On square dotty paper, draw some polygons that have only one dot inside them.
Investigate the relationship between the number of dots on the perimeter of
each polygon and its area.

Now investigate the relationship for polygons with two dots inside them.

If you have time, find a relationship between the area of a polygon with 12 dots
on its perimeter and the number of dots inside it.

Ask the pairs to take 6 to 7 minutes to investigate the problem. Circulate while
they are working, helping the less confident to get started by drawing simple
shapes. When participants think that they have found a relationship for
polygons with one internal dot, ask questions such as: ‘Are you certain that the
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relationship you have found will apply to all polygons with one dot inside?’
Suggest that they draw some unusual shapes to test their conjecture.

Background notes for trainers

For polygons with one internal dot, p = 2A, or A = W p, where p is the number of
dots on the perimeter and A is the area (in square units). For polygons with two
internal dots, p = 2(A—1)or A="/,(p + 2).

For polygons with 12 dots on the perimeter, A = d + 5, where A is the area in
square units and d is the number of internal dots.

Now ask everyone to look again at Handout 4.3 and spend a few minutes in
pairs highlighting some of the skills they used while working on the practical
activities.

Types of problem

Use slide 4.4 to discuss the difference between closed and open problems.

N

Types of problem

N

m Closed problems of a non-routine nature with a
definite answer, e.g. ‘Abdul’s cats’

B Open problems include:

— those with alternative solutions where the method
may be more important than the answer,
e.g. ‘Sixes are banned’

— those with open approaches where finding a
pattern or relationship is required, or making a
generalisation, e.g. ‘Perimeter dots’

4.4

Make these points.

* Investigative approaches (i.e. the verbs on Handout 4.3) can be used for
closed and open problems.

* A closed problem can often be transformed into an open problem by
extending or modifying it in some way.

Use slides 4.5, 4.6 and 4.7 to illustrate the last point.

This problem: This problem:
Find the answer to this calculation: Find the perimeter of this rectangle:
can become: can become:

Construct some rectangles with the same

Use the digits 0, 1, 2, 3, 4, 4. perimeter as this one.

Make three-digit numbers that have no

remainder when divided by 4. -

(e.0.324 24,124 + 4)
45 46
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Abdul’s cats

Abdul has 3 cats, each a
different weight. The first
and the second weigh 7 kg
altogether, the second and
the third weigh 8 kg
altogether. The first and the
third weigh 11 kg
altogether. What is the
weight of each cat?
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This problem:

Complete this multiplication table.

x (40| 3

can become:

Investigate the possible ways of completing
this multiplication table.

x

60
80| 6

4.7

Show slide 4.8. Say that it is worth considering for a moment when and how
students should experience problem solving and investigational work.

. . Y
Problems in the curriculum: N

H can be ‘bolt-on’

B can be ‘built-in’

4.8

Say that one approach to reasoning and problem solving has been through a
series of activities done after the ‘content’ has been learned. Traditionally, this
is provided through problems at the ends of sections or chapters of a published
scheme or textbook. Investigations are sometimes tackled as ends in
themselves, taught separately from the rest of the mathematics curriculum,
sometimes in special lessons.

The alternative to these ‘bolt-on’ approaches is making reasoning and problem
solving integral to the learning of mathematics, so that it is ‘built-in’
throughout each unit of work and is part of everyday teaching. Teachers should
‘build-in’ wherever possible.

Show slides 4.9 and 4.10.

‘Building in’ problems: :: A good problem: ::

m should be part of everyday teaching

B can be achieved by:

— asking more open questions

® may be open or closed

m will include all three aspects of the strand, since problems are
unlikely to be solved without reasoning and communicating

m s likely to fulfil many of the expectations of the standards for

— using problems to motivate the learning of skills and
the strand

concepts (e.g. introducing the teaching of a new skill in

the context of a problem) = will provide opportunities to apply specific mathematical

knowledge and skills in new contexts, and to link different
areas of mathematics

— following the learning of skills and concepts with chances
to apply them in varied contexts

4.9 4.10

Say that the activities themselves don’t determine whether they are built-in or
bolt-on. Their relationship to the other strands determines what the options are.
Both the ‘Sixes are banned’ and the other activities could be presented in either
way.
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Action planning 15 minutes

Task 3: Action points

Refer teachers to Handout 4.5 in their Teacher’s pack. Ask them to work
together in school groups, to reflect on the day’s sessions and to make notes on
the actions that they will take to follow them up. Allow about 10 minutes.

Check whether anyone has any unanswered questions from those that they listed
at the beginning of the day and answer these now.

Remind everyone to bring their copies of the Teacher’s pack to the second day
of the course.

Thank everyone for their contributions. Invite them to complete the evaluation
form for the first day and to give it to you before leaving.

44 | Mathematics workshop 1 | Trainer’s notes | Session 4 © Education Institute 2005




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000500044004600206587686353ef901a8fc7684c976262535370673a548c002000700072006f006f00660065007200208fdb884c9ad88d2891cf62535370300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef653ef5728684c9762537088686a5f548c002000700072006f006f00660065007200204e0a73725f979ad854c18cea7684521753706548679c300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020b370c2a4d06cd0d10020d504b9b0d1300020bc0f0020ad50c815ae30c5d0c11c0020ace0d488c9c8b85c0020c778c1c4d560002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken voor kwaliteitsafdrukken op desktopprinters en proofers. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents for quality printing on desktop printers and proofers.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /NoConversion
      /DestinationProfileName ()
      /DestinationProfileSelector /NA
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure true
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /LeaveUntagged
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


